We obtain explicit formulas for enumerating 3-regular one-face maps on orientable and nonorientable surfaces of a given genus g up to all symmetries. We use recent analytical results obtained by Bernardi and Chapuy for counting rooted precubic maps on non-orientable surfaces together with more widely known formulas for counting precubic maps on orientable surfaces. To take into account all symmetries we use a result of Krasko and Omelchenko that allows to reduce this problem to the problem of counting rooted quotient maps on orbifolds.
Introduction
By a one-face (or unicellular) topological map M on a surface X we will mean a 2-cell imbedding of a connected graph G, loops and multiple edges allowed, into a compact connected 2-dimensional manifold X without boundary, such that the only one connected component of X − G is a 2-cell. The 0-, and 1-dimensional cells of the map M are its vertices and edges, respectively [1] . In this paper we consider both orientable and non-orientable surfaces without boundary. Every such surface can be characterized by its genus g. An orientable surface of genus g is a sphere with g handles. A non-orientable surface of genus g is a sphere with g holes (removed discs) glued with crosscaps (or Mobius bands). Sometimes for a surface X instead of its g we will use its Euler characteristic χ, equal to 2 − 2g in the case of an orientable surface X + and 2 − g in the case of a non-orientable surface X − .
Two topological maps M 1 and M 2 on a surface X are said to be isomorphic if there is a homeomorphism h of X that induces an isomorphism of the underlying graphs G 1 and G 2 . Map isomorphism splits the set of all maps on X into equivalence classes, and each such class is called an unlabelled map. For orientable surfaces we have two types of homeomorphisms, orientation-preserving and orientation-reversing. Unlabelled maps on an orientable surface X + up to only orientation-preserving homeomorphisms are called sensed maps. Unlabelled maps on an orientable or a non-orientable surface up to all homeomorphisms are called unsensed maps.
A general technique for counting sensed maps was developed by Liskovets [2] (sensed maps on the sphere) and by Mednykh and Nedela [3] (sensed maps on orientable surfaces of a given genus g). Their approach reduces the enumerating problem for sensed maps on a surface to counting quotient maps on orbifolds, rooted maps on quotients of this surface under a finite group of automorphisms. Their ideas were further developed in a series of papers devoted to enumeration of sensed hypermaps [4] , one-face regular sensed maps [5] , one-face maximal unsensed maps [6] , regular sensed maps on the torus [7] and regular sensed maps on orientable surfaces of a given genus g [8] .
In the past few years appeared some new important results regarding enumeration of unsensed maps on orientable and non-orientable surfaces of a given genus g. In the paper [9] unsensed orientable maps on surfaces regardless of genus were enumerated. In the paper [10] analytical formulas for the numbers of unsensed r-regular maps on the torus were obtained. Finally, in [11] the problem of enumeration of unlabelled maps on genus g surfaces was solved in the most general formulation for the first time. The obtained general formulas express the numbers of such maps in the form of a linear combination of numbers of quotient maps on cyclic orbifolds with integer coefficients. These coefficients were expressed through the numbers of epimorphisms from fundamental groups π 1 (O) of orbifolds to cyclic groups Z d , and exact analytical expressions were derived for these numbers.
In [11] it was pointed out that with the help of these results one can enumerate different types of unsensed maps on surfaces of a given genus g (regular maps, one-face maps, etc.) assuming that we are able to enumerate quotient maps on orbifolds. The main problem with this approach in the general case is that these orbifolds are surfaces with r branch points, h boundary components and g handles or cross-caps, and recurrence relations for the numbers of quotient maps on them depend on a large number of additional parameters. Fortunately, for 3-regular (or cubic) one-face maps most of these problems can be avoided.
It turns out that in the case of 3-regular maps the orbifolds can be described quite simply. They are either closed orientable surfaces with several branch points (as in the case of sensed maps), or surfaces with a single boundary and with possibly some branch points of index 2. In both cases it is possible to reduce the problem of enumerating quotient maps to the enumeration of precubic maps -maps that have vertices of degree only 1 and 3 -on surfaces of a given genus. Enumerating precubic maps on orientable surfaces is a relatively old and well-known problem -it was solved in the works of Walsh and Lehman [12] . Using Tutte's approach for enumerating planar maps [13, 14] , Walsh and Lehman obtained an explicit expression for the number ε g (n) of one-face maps with n edges on an orientable surface of genus g, as well as a formula for the number of one-face maps of genus g with predefined vertex degrees. In a recent work [15] Chapuy obtained a new recurrence relation for the numbers ε g (n) and gave an elegant combinatorial interpretation of it. In the same paper he showed how to use this technique to enumerate some special kinds of maps, in particular, cubic and precubic one-face maps.
Along with maps on orientable surfaces we also need to be able to enumerate maps, both cubic and precubic, on non-orientable surfaces. In the recently published paper [16] Bernardi and Chapuy using the approach similar to [15] obtained exact formulas for counting cubic and precubic maps on non-orientable surfaces. These results along with the results of the work [11] allowed us to solve the problem of enumerating 3-regular one-face maps on both orientable and non-orientable surfaces up to all symmetries completely. To the best of our knowledge there are no published analytical results on enumerating such maps for arbitrary values of g.
2 The basic principles of unsensed map enumeration. Orbifolds and quotient maps
The Burnside's lemma is typically used as the main tool for enumerating combinatorial objects up to their symmetry group (see, for example, [17] ). This lemma reduces the problem of enumerating such objects to enumeration of labelled objects that have a trivial symmetry group. As it was noted in [13] , for maps on surfaces it is convenient to consider so-called rooted maps as labelled objects. A map is called rooted if one of its edges is distinguished, oriented, and assigned a left and a right side (see, for example, [1] , [12] ). For enumerating maps on orientable surfaces it is sufficient to distinguish one edge-end, called a dart.
Let X + g be a closed orientable surface of genus g. In the paper [3] with the help of the Burnside's lemma and some additional algebraic and topological considerations Mednykh and Nedela derived the following important formula for determining the numbers τ X + g (n) of sensed orientable maps with n edges:
Here O = X Before we move on, we illustrate these concepts with a simple example. Consider a representation of a torus T = X + 1 as a square with its opposite sides identified pairwise (Figure 1 (a) ). Rotation of this square by 90
• (l = 4) is a typical example of a periodic orientation-preserving homeomorphism of the torus. This homeomorphism splits the set of its points into two subsets, an infinite set of points in the general position and a finite set of singular points (see Figure 1 (a) ). Points in the general position are those that lie on some orbit of length l = 4. Singular points are the remaining ones, and they necessary lie on orbits of smaller length. In our example there are four singular points: a, c, b 1 and b 2 . The former two of them are fixed, and the latter two are transformed into each other by the rotation by 90
• . Identifying the points of each orbit of the rotation, we obtain an orbifold O, in this case a sphere (Figure 1 (b) ). Critical points of the torus get transformed into branch points of the orbifold O (points a, b, c in Figure 1 For the case of the torus there is one more periodic homeomorphism that preserves its orientation and yields an orbifold with the same signature: the rotation of the square by an angle of 270 (1) is responsible for counting all homeomorphisms leading to the same orbifold O.
Next, consider the case of unsensed maps on an orientable surface X + χ of Euler characteristic χ. In this case, for counting maps with n edges, instead of (1) we need to use the formula given in [11] :
Here τ O (2m) is the number of quotient maps with 2m flags on the orbifold O, Orb
) is a set of orbifolds O arising from orientation-reversing homeomorphisms of the surface X + χ . Compared to the case of orientation-preserving homeomorphisms, such orbifolds can have additional properties.
As a typical example of an orientation-reversing homeomorphism consider a glide reflection of the torus with respect to the horizontal axis i of the square representing this torus on the plane (see Figure 2 ). Let the ratio between the value of the 'shift' and the length of the side if the square be a rational number p/q, 0 p/q < 1, p and q coprime. In Figure 2 an example of a glide reflection with respect to a horizontal axis and p/q = 1/4 is shown. The fundamental polygon in this case is one fourth of a square. Since under the glide reflection the right side of this polygon is transformed into its left side with a flip, we may think of these sides as glued together in the reverse direction. Consequently, this homeomorphism generates a 4-fold branched covering of the Klein bottle O by the torus.
Now consider an example of a glide reflection for p/q = 1/3 ( Figure 2 (b)). For this ratio of p and q the fundamental polygon is one sixth of the square (shaded area in Figure 2 (b)). Indeed, it would take six steps for the glide reflection to transform each point of the torus into itself. After the second step the left side a of the fundamental polygon will coincide with its right side b, and vice versa after the fourth step. At the same time its top and bottom sides will never become coincident. Consequently this glide reflection corresponds to a rectangular fundamental region with its right and left sides glued together. In other words, in this case the orbifold O is an annulus.
Finally, consider the case of non-orientable surfaces. The numberτ X − χ (n) of unsensed maps on a non-orientable surface X − χ of Euler characteristic χ is calculated by the formula [11] To understand what kind of orbifolds we can obtain in this case, consider the Klein bottle. We will use the representation of the Klein bottle as a square with its top and bottom sides glued in the forward direction, and its left and right sides glued in the reverse direction (see Figure 3 (a)). The homeomorphism of this surface that shifts the upper half of the square down with a flip relatively to the vertical axis, leads to a orbifold which is a projective plane with two branch points (Figure 3(b) ). Indeed, consider the cell F shaded in the Figure 3(a) . Under the action of this homeomorphism, the point A lying on the upper left boundary of the cell is transformed into the point A ′ on the right border. This point in the Klein bottle coincides with the point B. Consequently, for such homeomorphism the points A and B on the left boundary of the cell F are glued together. Points on the right border of the square behave similarly. At the same time, the points x 1 and x 2 in Figure 3 are transformed into themselves. As a consequence, these points correspond to branch points of index 2 of the orbifold (Figure 3(b) ). It remains to note that the top and bottom boundaries of the cell F are glued together in the opposite direction. Representing them as a boundary of a circle (Figure 3(b) ), we obtain a projective plane with two branch points.
So, as we see from the examples given above, in the case of unsensed maps we can obtain both orientable and non-orientable surfaces as orbifolds, and they can be either closed or have boundary. These orbifolds may have some branch points as well. Now we need to understand what quotient maps on such orbifolds can arise.
To illustrate the concept of a quotient map on an orbifold O, consider, for example, a map M on the torus T which is symmetric under the rotation of the square by 90
• (Figure 4 (a) ). Identifying all points lying on each orbit of the rotation, we obtain a quotient map M on O, shown in the Figure  4 (b). This quotient map would be a map on the sphere with the numbers of vertices, edges and faces equal to those of the original map M divided by 4 if the orbifold O had no branch points and the surface X Figure 4 the corresponding branch index. The remaining points of f are not branch points, so each of them corresponds to l points on S g . Hence, as in the case of a vertex, the degree of the face f is multiplied by m i when this face is lifted to the surface S g . For example, the degree of the face that contains the branch point c in Figure 4 (b) is multiplied by 4 on the torus T .
One more property of quotient maps is the possibility of having semiedges which end not in vertices, but in branch points of degree 2 (see branch point b in Figure 4 In the general case we have to be able to enumerate quotient maps not only on closed orientable orbifolds, but also on orientable or non-orientable orbifolds with boundary and branch points. Quotient maps on such orbifolds have some additional properties. First of all, apart from complete edges and semiedges (see a complete edge x 1 x 2 and a semiedge going from x 1 to the branch point of the index m = 2 in Figure 5(a) ), such quotient maps may also have so-called halfedges, i.e. edges ending on the boundary (see halfedge x 1 a in Figure 5 (a)), and boundary edges, i.e. edges lying on the boundary (see edge x 2 x 3 in Figure 5(a) ). Each semiedge, halfedge or boundary edge contributes 1/2 to the number of edges of the quotient map. Secondly, the presence of boundary adds some additional restrictions on the location of branch points. Namely, a branch point can't be located in a face incident to the boundary of the orbifold. Thirdly, the boundary of the orbifold in some sense acts similarly to a branch point of index 2. Namely, when lifted from the orbifold O to the covering surface X g , any face, vertex or edge of a quotient map M lying on the boundary gets transformed into l/2 faces, vertices or edges of the map M.
Another important concept widely used in enumeration of maps on non-orientable surfaces or surfaces with boundary is the concept of a flag. Take a map and place new vertices into the centers of its edges (see squares in Figure 5(b) ), into the centers of its faces (see triangles in Figure 5 (b)), and connect neighboring vertices by new edges (see dashed lines in Figure 5(b) ). This operation yields a partition of this map into triangles. These triangles are called flags of the original map. Since each edge is incident to an even number of flags regardless of its type (complete edge, semiedge etc.), the total number of flags is even for any quotient map on any orbifold.
Summing up, we can conclude that to use the formulas (2) and (3) we can express the number n of edges and the number k of vertices of such map M through the genus g of the surface:
Using the technique described in detail in the paper [5] , one can be obtain the following formula for counting 3-regular one-face maps on an arbitrary orientable surface X + g of genus g (see formula (20) in [8] ):
Here τ + (3) (g) is the number of rooted 3-regular one-face maps on the orientable surface X + g , equal to τ
In order to count maps by the formula (2) it remains to enumerate maps on orbifolds for orientationreversing homeomorphisms h. It turns out that in this case the orbifolds admit a simple description. Namely, the following statement holds.
Proposition 3.1. In the case of one-face maps on an orientable surface X + g , an orbifold O corresponding to any orientation-reversing homeomorphism h is an orientable or a non-orientable surface with boundary and without branch points.
Proof. We will give two proofs of this important statement. The first of them relies on the connection between one-face maps on an orientable surface and chord diagrams. It is well known (see, for example, [19] ) that any one-face map admits a representation in the form of a chord diagram built on 2n points. But any chord diagram allows only two types of symmetries -rotations and reflections. The first type of symmetry corresponds to orientation-preserving homeomorphisms and to counting sensed one-faced maps. The second type corresponds to orientation-reversing homeomorphisms with the period equal to 2.
The second proof is more formal and essentially relies on the properties of quotient maps on orbifolds. Namely, it is known that an orientation-preserving homeomorphism h of X + g generates an orientable orbifold without boundary and corresponds to sensed maps. Any orientation-reversing homeomorphism h of X + g corresponding to unsensed maps generates an orbifold O which is either a nonorientable surface without boundary or an orientable or a non-orientable surface with boundary. In the case of a non-orientable orbifold without boundary we have to place the branch point of the index l into the only face of the quotient map M on the orbifold O. It can be proven that the coefficients Epi (2) for this case are equal to 0, which means that in our case there are no one-face quotient maps on non-orientable orbifolds without boundary. As noted above, in the case of a surface with boundary the period of homeomorphism h has to be equal to 2. This means that all branch points, if they exist, must have branch indices equal to 2. But as noted, for example, in paper [9] (see page 1198), the orbifold O may not contain both branch points of index 2 and boundary components. So in our case there are only orbifolds with boundary and with no additional branch points. 
Proof. From the Proposition 3.1 we have that in our case l = 1, m = n. As it was shown in [11] , the coefficients Epi (2) are equal to 1 for any orientation-reversing homeomorphism. As a result, we get (6) from the formula (2).
In the general case of r-regular one-face maps the boundary may consist of several components. It turns out that for 3-regular maps this boundary consists of a single component. Proposition 3.3. In the case of 3-regular one-face maps on an orientable surface X + g , any orbifold O corresponding to an orientation-reversing homeomorphism h is an orientable or a non-orientable surface with a single boundary component.
Proof. In the case of a 3-regular map, on the boundary of an orbifold O may lie either a halfedge (see Figure 6(a) ) or a boundary edge with two distinct vertices incident to it, which have exactly one other normal edge incident to each of them (see Figure 6(b) ). In both cases we cannot completely "cover" any boundary component with edges, which means that each boundary component will be incident to the face. But the face can't be incident to more than one boundary component -otherwise after lifting the map to the original surface X + g we would get a face that is not homeomorphic to a disk. For the same reason it is impossible that the same face will be incident to same boundary component Figure 6 several times. So in the case of a 3-regular one-faced map we have the only boundary component and the only face which almost completely covers the boundary component, except for the segment covered by a single edge (Figure 6(b) ) or for the endpoint of a single halfedge (Figure 6(a) ). Now we are ready to describe all orbifolds O appearing in the formula (6).
Proposition 3.4. For an odd g the orbifold O must be a non-orientable surface of genus g = g. For an even g the orbifold O is either an orientable surface of genus g/2 or a non-orientable surface of genus g = g.
Proof. We use the Riemann-Hurwitz formula
that connects the Euler characteristics χ of the original surface X χ with the period l of the homeomorphism and the parameters of the orbifold O. Here, for an orientable orbifold α = 2 and g is the number of handles. For a non-orientable orbifold α = 1 and g is the number of crosscaps. The parameter h defines the number of boundary components. The numbers m i are branch indices of branch points.
In Proposition 3.3 we proved that in our case χ = 2 − 2g, l = 2, h = 1, r = 0, so we get
O is an orientable surface, g, O is a non-orientable surface.
Consequence 3.5. The formula (6) for the numbersτ
+ (n) of unsensed 3-regular one-face maps with n = 6g − 3 edges on an orientable surface X + g can be rewritten as
where τ O − (n) is the number of quotient maps with n darts on a non-orientable orbifold O − of genus g, τ O + (g/2) is the number of quotient maps with n darts on an orientable orbifold O + of genus g/2 for even g and 0 for odd g. Our next step is to obtain exact expressions for the numbers τ O + (g/2) and τ O − (g). Proposition 3.6. The problem of enumerating quotient maps on the orbifold O is reduced to the problem of enumerating rooted 3-regular maps on an orientable or a non-orientable surface without boundary.
Proof. Take a quotient map with n darts (see Figure 6 ) and contract the boundary component into a point. In the case of an edge lying on the boundary (see Figure 6(b) ) we obtain a vertex of the degree 2 as a result of such contraction. For the map shown in Figure 6 (a) we get a halfedge going from the vertex of the degree 3. This halfedge can be contracted again to get a vertex of degree 2 as in the previous case. So in both cases we obtain a vertex x of degree 2 as a result of contracting the boundary component. Then we can get rid of this vertex x by replacing it with a root edge and obtain a rooted 3-regular map with n ′ = (n − 3)/2 edges on an orientable surface of genus g = g/2 (if g is even) or a non-orientable surface Y of genus g = g (g can be arbitrary) without boundary.
Vice versa, if we take a rooted 3-regular map with n ′ edges on a surface Y of genus g, place a vertex of the degree 2 on its root edge, add a boundary component in 2 ways, select the root dart in n = 2n
′ + 3 ways, we will obtain either a rooted quotient map with n darts with one halfedges going to the boundary (Figure 6(a) ) or a rooted quotient map with n darts with an edge lying on the boundary (Figure 6(b) ).
Considering that the numbers τ O + (n) and τ O − (n) of quotient maps on orbifolds O + and O − are expressed through the numbers τ + (3) (g/2) and τ − (3) (g) of 3-regular rooted maps on the surfaces of the corresponding genera by the formulas
− (g), we obtain from the formula (8) the following result. 
+ (g) + τ
+ (g/2) + τ
where τ + (3) (g) is the number of sensed 3-regular one-face maps on an orientable surface X + g calculated by the formula (4), τ
+ (g/2) is the number of rooted 3-regular one-face maps on an orientable surface X + g/2 calculated by the formula (5) in the case of even g and equal to 0 in the case of odd g, and τ
− (g) is the number of rooted 3-regular one-face maps on a non-orientable surface X − g calculated by the formula (see [16] )
4 Enumeration of unsensed 3-regular one-face maps on nonorientable surfaces
Consider a 3-regular one-face map M on a non-orientable surface X − g of genus g. For this map from Euler's formula and the Handshaking lemma we have the following equalities connecting the genus g of the surface, the number n of edges and the number k of vertices:
The following statement is analogous to the Proposition 3.1.
Proposition 4.1. In the case of one-face maps on a non-orientable surface X − g , any orbifold is either an orbifold O with boundary and possibly with some branch points of index 2, coinciding either with vertices or with free ends of semiedges, or a non-orientable orbifold O
− without boundary and with r > 0 branch points. One of these branch points is located in the only face of the quotient map and has a branch index equal to l, and the others coincide with vertices or free ends of semiedges of the quotient map.
Proof. In the case of an orbifold O with boundary, for the map to have one face after lifting, the period l of the corresponding homeomorphism h 2 has to be equal to 2. This means that all branch points, if they exist, must have branch indices equal to 2. For non-orientable surfaces the presence of boundary does not interfere with the existence of such branch points. These branch points, however, can not be located in the only face of the quotient map M, so they can be located either in its vertices or in its ends of semiedges.
There are no orientable orbifolds without boundary in our case [11] . In the case of a non-orientable orbifold O − without boundary corresponding to a homeomorphism h l of period l, we have to place the branch point of index l into the only face of the quotient map M. This is also to ensure that when the quotient map M is lifted from the orbifold O − to the original surface X − g , the corresponding map M on X − g will have a single face. The remaining branch points should be placed either into the vertices or into the ends of semiedges of the quotient map M. In the latter case these branch points must have indices equal to 2.
We begin with the case of an orbifold O with boundary, corresponding to a homeomorphism h 2 of period 2. It is easy to see that in this case the Proposition 3.3 still holds true. Together with the Proposition 4.1 and the Riemann-Hurwitz formula (7) this fact allows to derive the following statement.
Proposition 4.2. In the case of a 3-regular one-face map M on a non-orientable surface X − g , the orbifold O corresponding a homeomorphism h 2 is either an orientable surface of genus g ∈ [0, ⌊g/4⌋] with r = g − 4g branch points of index 2 or a non-orientable surface of genus g ∈ [1, ⌊g/2⌋] with r = g − 2g branch points of index 2.
Proof. Indeed, in this case the parameters in the Riemann-Hurwitz formula (7) are h = 1, χ = 2 − g, m i = 2, i = 1, . . . , r, so from (7) we have
O is a non-orientable surface.
The next step in using the formula (3) is determining the numbers Epi o (π 1 (O + ), Z 2 ) and Epi
Proposition 4.3. The coefficients in (3) corresponding to the numbers of epimorphisms are calculated by the formulas
in the case of an orientable orbifold O + and
in the case of a non-orientable orbifold O − .
Proof. For calculating these numbers we can use the results obtained in the paper [11] . Namely, in [11] it was proved that the numbers of order-preserving and orientation-and-order-preserving epimorphisms for the case of an orientable orbifold O + with h > 0 boundary components are equal to
where J k (n) is the Jordan's totient function (see formulas (17)- (18) in the paper [11] ). Here the number of epimorphisms is equal to zero if the argument n of J k (n) is not an integer. In our case the values in (13) are the following:
In the formula (14) we have l = 1, so J 2g (1) is nonzero only if r = 0. In this case m = 1 and Epi
For the case of a non-orientable orbifold O − with h > 0 boundary components, the numbers of epimorphisms are as follows:
(see formulas (19) - (20) in the paper [11] ). Arguments analogous to the previous case allow us to conclude that here we have Epi o (π 1 (O − ), Z 2 ) = 2 g , and Epi
is equal to 1 if r = 0 and to 0 otherwise. Now consider a quotient map M on an orbifold O of genus g which corresponds to a 3-regular map M on a non-orientable surface X − g . Such quotient map has n = 3g − 3 halfedges and r semiedges ending in branch points of index 2. Putting a vertex of degree 1 in each such branch point we obtain a precubic map with n ′ = n + r = 3g − 3 + r halfedges on the orbifold O with the only boundary component. Getting rid of it in the same way that was described in the proof of Theorem (3.6) we obtain a precubic map with n ′ − 3 = 3g − 6 + r halfedges on a surface of genus g without boundary. In the case of an orientable orbifold O + we have r = g − 4g, so the quotient map has n = 2g − 2g − 3 edges. In the case of a non-orientable orbifold O − we have r = g − 2g, so such quotient map has n = 2g − g − 3 edges.
The number of precubic maps with n = 2m + 1 edges on an orientable surface O + of genus g is calculated by the formula (see, for example, [15] , Corollary 7)
For enumerating quotient maps on a non-orientable orbifold O − we can use the formulas for precubic one-face maps obtained in [16] (see Corollary 8 and 9). It follows from Euler's formula and the Handshaking lemma that any precubic map has e = 2m + 1 edges in the case of even g = 2h and e = 2m edges in the case of odd g = 2h + 1. The number k of leaves of such map is equal to k = m − 3h + 2 in the case of even g = 2h and to k = m − 3h in the case of odd g = 2h + 1. The number v of vertices of degree 3 in both cases is equal to m + h.
In the paper [16] is given a formula for the number of precubic one-face maps with the root incident to a vertex of degree 1. For our case we need formulas for precubic one-face maps with the root incident to an arbitrary vertex. To obtain the desired formula we divide the formulas given in [16] by the number of leaves and multiply by twice the number of all edges of the precubic map. As the result we get the following proposition. In the case of odd g = 2h + 1 the number of such maps with e = 2m edges and k leaves is calculated by the formula
In our case we have a precubic map with n = 2g − g − 3 edges. Consequently, from the formulas (16) and (17) we have the following expressions for the numbers τ 
Substituting them into the formula (3) and considering that τ O (g, g) = 2nτ (1÷3) (g, g), we obtain the following explicit formula for the terms in the formula (3) corresponding to a homeomorphism h 2 : 
Here the numbers τ (g, g) are calculated by the formulas (15) and (18) respectively, and the coefficients ε + (g) and ε − (g) are calculated by the formulas (11) and (12) respectively. Now consider the case of a non-orientable orbifold O − without boundary, corresponding to a homeomorphism h l of period l > 1. As noted above, in this case one of r branch points falls into the only face of the quotient map and has a branch index equal to l. Others branch points coincide with vertices (these branch points have branch indices equal to 3) or with free ends of semiedges (these branch points have branch indices equal to 2). As before, to use the formula (2) 
